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Abstract: Robots are often deployed in environments where safety must be
learned from experience rather than specified in advance. Demonstrations, op-
erator interventions, near misses, and failed rollouts can reveal which behaviors
are risky, but they provide only local evidence. The key challenge is not only to
identify risky behavior, but to make that knowledge shape the distance used for
long-horizon planning. Existing goal-conditioned methods can compose short-
horizon behaviors into longer plans, but they typically assume that the relevant
cost structure is already known. We introduce CoGeL, a constraint-to-geometry
learning method that learns a soft safety signal from robot data and incorporates
it directly into the goal-reaching distance used for planning. This makes the
learned distance safety-aware rather than treating safety as a separate classifier,
hard mask, or post-hoc filter. We show that errors in the learned safety signal
induce bounded changes in the navigation geometry, that route consistency sup-
ports composition through intermediate waypoints, and that, under a calibration
condition, the learned safety scores bound the expected number of safety viola-
tions. Experiments across wheeled and legged navigation tasks show that CoGeLL
reduces unsafe events while maintaining strong long-horizon goal-reaching per-
formance. Project Page: https://pralgomathic.github.io/cogel/

Keywords: Robot Learning, Long-Horizon Navigation, Constraint-to-Geometry
Learning, Goal-Conditioned Reinforcement Learning, Quasimetric Learning.

1 Introduction

Robots rarely receive safety as a clean, analytic cost map. Instead, they discover hazards empirically:
a patch of terrain causes slip during a rollout, a foothold collapses, or an operator intervenes to
prevent a collision [1, 2, 3]. While these events provide critical safety signals, they are fundamentally
local, marking only the specific state and action where a failure occurred or was narrowly avoided.
The central challenge is translating these sparse, localized hazard signals into a cohesive, globally
safe strategy for long-horizon navigation. Goal-conditioned reinforcement learning has become a
standard framework for learning policies and value functions that generalize across goals [4, 5,
6, 7, 8, 9]. Recent work further interprets goal-reaching values as distances in a learned space,
including temporal-distance models, contrastive goal-conditioned RL, metric residual networks, and
quasimetric RL [6, 7, 8, 10, 11]. This geometric view is especially relevant for robot navigation
because traversal costs are often directional. Climbing a slope is not the exact reverse of descending
it, entering low-friction terrain carries different risks than leaving it, and navigating a narrow passage
depends heavily on the approach angle. A directed distance, or quasimetric, can therefore represent
the effort and risk of moving between states when traversal costs depend on direction [8, 11, 12, 13,
14]. However, this geometric view has a critical vulnerability when applied to safety. Goal-reaching
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Figure 1: CoGeL overview. CoGeL learns a soft safety signal X (s, a) from robot evidence, in-
cluding safe demonstrations, failures, and interventions. This signal is incorporated into the Bellman
cost to learn a directed safety-aware distance dy (s, ¢). The learned distance supports waypoint-based
composition, allowing local safe skills to form long-horizon routes that avoid unsafe regions.

distances are typically trained on environments where the underlying cost structure is already known.
When safety must instead be inferred from noisy, localized evidence, current integration strategies
fracture. Converting a local risk score into a hard threshold creates a brittle action space, where slight
estimation errors can permanently block viable corridors or inadvertently open dangerous shortcuts.
Conversely, applying the safety score as a post-hoc filter over a planned route leaves the underlying
distance metric completely blind to the environment’s true hazards, allowing small edge errors to
compound catastrophically across intermediate waypoints. While prior work excels at recovering
local constraint models from data [15, 16] or optimizing policies under known costs [17], it remains
unresolved how localized safety evidence should fundamentally reshape the global geometry used
for planning.

We introduce CoGeL, a constraint-to-geometry framework for safe long-horizon navigation (Fig. 1).
CoGeL learns a soft safety signal from demonstrations, interventions, and failed rollouts, then in-
corporates it into the bounded Bellman cost used to learn a directed goal-reaching distance. This
makes risky actions increase the learned distance to the goal, producing a safety-aware geometry
that can represent directional hazards and compose through waypoints. Because the safety score
enters as a bounded penalty rather than a hard decision boundary, the Bellman operator remains a
contraction. We show that local safety-estimation errors induce bounded distortion in the learned
navigation geometry, that this geometry controls waypoint-composition error, and that calibrated
safety scores bound the expected number of true trajectory violations.

Our main contributions are:

* We formulate safe long-horizon navigation with latent constraints as a constraint-to-geometry
problem, connecting local safety evidence with directed distance learning.

* We introduce CoGeL, which incorporates a learned soft safety signal directly into the Bellman
cost and learns a safety-aware directed distance with route-consistency regularization.

* We provide theoretical guarantees linking safety-estimation error to geometry error, route-
consistency error to waypoint composition, and, under a calibration condition, learned safety
scores to expected safety violations.

* We show that symmetric metrics have an irreducible approximation gap on directional hazards,
motivating CoGeL’s directed structure. We validate the method across wheeled and legged navi-
gation settings with hidden hazards, directional risks, and long-horizon routes.

2 Related Work

Goal-conditioned and quasimetric reinforcement learning. Goal-conditioned reinforcement
learning learns policies and value functions that can reach many goals from shared experi-



ence [18, 4, 5, 9]. A key challenge is making local goal reaching useful for longer missions.
Temporal-difference models, contrastive goal-conditioned RL, metric residual networks, and quasi-
metric RL address this by learning goal-reaching values that behave like distances [6, 7, 10, 8]. The
quasimetric view is useful for navigation because traversal costs are often direction dependent, as
in slopes, narrow passages, soft terrain, and directional hazards [8]. Recent work on horizon gener-
alization and multistep quasimetric estimation shows that long-horizon success depends on whether
local predictions compose through intermediate goals [19, 12]. These methods provide useful geo-
metric structure, but generally assume that the cost used to learn the distance is already specified.
CoGeL instead learns the safety-relevant part of the cost from robot evidence and uses it to shape
the directed distance.

Learning safety constraints from data. When safety is not hand specified, it must be inferred from
behavior. Inverse constraint learning and related methods recover constraints from demonstrations,
unsafe behavior, or demonstrations with unknown rewards [15, 20, 21, 22, 16]. These approaches
produce constraint models, safe sets, or local cost estimates, but not a goal-reaching distance that
can be composed across waypoints. Hard constraint models can also be sensitive to threshold errors,
while planner-side filters leave the learned distance unchanged. CoGeL uses the learned safety
signal inside the Bellman cost, so the planning geometry changes smoothly with the safety estimate.

Safe, constrained, and risk-sensitive reinforcement learning. Safe and constrained RL optimizes
policies under cost or constraint signals using constrained MDPs, constrained policy optimization,
Lagrangian methods, or benchmarked safety costs [23, 17, 24, 25]. Risk-sensitive RL, including
CVaR-based methods, provides tools for controlling rare but costly failures [26, 27]. These methods
are complementary to CoGeL: they optimize once a safety signal is available, while CoGeL stud-
ies how safety evidence from demonstrations, failures, and interventions should shape the directed
distance used for long-horizon planning. We use an expected-cost objective to preserve contraction-
based analysis, while tail-risk objectives are a natural extension.

Learning-based robot navigation. Learning-based navigation increasingly combines simulation,
real-world data, and sim-to-real transfer. Large-scale simulation has enabled efficient training for
legged locomotion and interactive robot learning [28, 29, 30], while learned navigation systems
show how robots can adapt from real experience and self-supervised data [1, 31]. These systems
face hazards that are often not fully labeled before deployment, with evidence arriving through
failures, interventions, and near misses. CoGeL addresses this setting by learning a safety-aware
directed distance for both local goal reaching and waypoint-based long-horizon navigation.

3 Problem Formulation

We consider a goal-conditioned Markov decision process M = (S, A, P,¢,~,G), where s € S is
the robot state, a € A is an action, P(s’ | s, a) is the transition kernel, ¢(s, a, s’) > 0 is a task cost,
~ € [0,1) is a discount factor, and g € G is a goal. A goal-conditioned policy 7(a | s, g) should
reach g from s while avoiding unsafe behavior. Let B(g) C S denote the goal region, and define the
capped hitting time

Ty :=min{t > 0: s, € B(9)} A Tmax-
If the robot fails to reach B(g) by Tinax., it receives a terminal failure cost cg,j. The robot faces an
unknown binary safety constraint

X" (s,a) € {0,1},

where x*(s,a) = 1 indicates a true violation, such as collision, slip, fall, excessive tilt, traversal
of forbidden terrain, or an emergency stop. The learner does not observe x* as a complete map.
Instead, it receives local robot evidence

D= Dsafc U Driska

where Dgate contains demonstrations or rollouts judged safe, and D,is contains failed rollouts,
interventions, near misses, or segments flagged by a safety monitor. Each labeled state-action pair is
written as (s, a, y), where y = 1 means the pair is associated with unsafe behavior and y = 0 means



it is treated as safe evidence. The goal is to learn a policy and a planning distance that generalize
from short training goals to longer test missions while keeping both task cost and true violations low.
This setting is difficult for two reasons. First, safety is latent: the robot must infer a usable safety
signal from incomplete local evidence. Second, deployment is long horizon: a policy that is locally
reasonable can still fail if its value function does not support composition through intermediate
goals. CoGeL addresses this by learning a soft safety signal from D and using that signal to shape
the goal-reaching distance used for planning. The desired object is not only a classifier over unsafe
actions, but a directed distance dy(s, g) that satisfies an approximate composition property,

do(s,9) < do(s,w) + do(w,g),

for useful intermediate waypoints w. This property allows local safe skills to form longer routes.

4 Method: Constraint-to-Geometry Learning

CoGeL learns a planning geometry from local safety evidence collected through demonstrations, ex-
ploratory rollouts, failures, and interventions. It learns a soft safety signal Xy (s, ) and incorporates
it into the one-step cost used to train a directed distance dy(s, g) with Bellman regression and route-
consistency regularization. The learned distance supports both local control and waypoint-based
long-horizon planning.

4.1 Robot Evidence and Data Collection

CoGeL assumes that safety is not provided as a complete cost map. Instead, the robot collects local
evidence while executing demonstrations, exploratory rollouts, and goal-conditioned trials. Each
trajectory is stored as
T = (80,0, 51,01, .-, ST),

together with event information from human supervision or onboard safety monitors. Safe evidence
comes from expert demonstrations, successful rollouts, or trajectory segments that reach their local
goals without triggering a safety event. Risk evidence comes from failed rollouts, operator interven-
tions, near misses, emergency stops, excessive slip, collision contacts, large tilt, unstable footholds,
or traversal of a region later marked unsafe. For each visited state-action pair, we assign a binary
evidence label y; € {0,1}, where y; = 1 means the pair is associated with unsafe behavior and
y: = 0 means it is treated as safe evidence. When a failure or intervention occurs at time ¢y, we
label a short temporal window before the event as risky,

Yy =1 for tE[tf—K,th

where K is a small pre-event labeling window. This accounts for the fact that the action causing
slip, collision, or loss of stability may occur slightly before the monitor fires. Segments far from any
failure or intervention are labeled safe if they satisfy the task monitor and remain within nominal
state limits. The resulting dataset is

D= Dsafe U Driska

where
Dgate = {(5t7at70)}7 Diisk = {(Stvahl)}-

In simulation, the event labels are generated from hidden environment conditions such as low-
friction patches, directional hazards, collisions, and unstable footholds. These hidden hazards are
never given to the planner as a map. They only appear through the local evidence collected in D.
In hardware, the same interface can be populated from operator interventions, emergency-stop logs,
contact events, slip detectors, tilt thresholds, and recovery behaviors. CoGeL uses this dataset in
two ways. First, it trains the soft safety signal X, (s, a), which estimates the likelihood that a state-
action pair leads to a violation. Second, the same trajectories populate the replay buffer used for
goal-conditioned Bellman learning, with goals relabeled from future states when appropriate. As
new failures or interventions are observed, their local neighborhoods are added to D.gk, allowing
the safety signal and the learned distance to improve over time.



4.2 Learning a Soft Safety Signal

CoGelL first fits a probabilistic safety estimator, x(s,a) = Py(y = 1 | s,a) € [0, 1], where ¢
parameterizes a neural classifier and y = 1 denotes unsafe evidence. Given labeled pairs (s, a, y) ~
D, we train the estimator with binary cross entropy,

Lsafe(¢) = _E(&aﬁy)ND [Z/ IOg Xl/}(& 0,) + (1 - y) IOg (1 - )A(w(sa a))} .

This choice is deliberately simple. The downstream method only requires a scalar score X (s, a) €
[0, 1], so the estimator can be replaced by a calibrated classifier, a conservative safety model, or an
uncertainty-aware estimator without changing the rest of CoGeL.

4.3 Safety-Aware Cost

The learned safety signal enters planning through the augmented cost ¢y (s, a,s’) = c(s,a,s’) +
AXw (8, a), A > 0. The weight A controls the tradeoff between task efficiency and safety. When
A = 0, CoGeL reduces to standard goal-conditioned distance learning. As A increases, actions that
the safety estimator marks as risky become more expensive. Unlike a hard mask, this changes the
cost smoothly with the estimated violation likelihood.

4.4 Directed Goal-Reaching Distance

Given ¢y, CoGeL defines the safety-aware directed distance as the optimal augmented cost-to-go,

S = S‘| .

The distance is generally asymmetric. Traversing uphill need not have the same safety cost as
traversing downhill, entering low-friction terrain may be riskier than leaving it, and passing through a
narrow gap can depend on the approach direction. For this reason, CoGeL learns a directed distance
rather than a symmetric metric. The corresponding Bellman operator is

Tg—1

d:[;(svg) = H}riHEﬂ— Z 7t6¢(8t,at,st+1) + Cfaill{Tg = TmaX7 S’Tg ¢ B(g)}
t=0

(Tyd)(s,g) = Zr.lgiﬂ]Es/NP("s’a) [Cy(s,a,s) +~d(s, g)], s ¢ B(g),

with (Tyd)(s,g) = 0 for s € B(g). In practice, we approximate the fixed point with a neural
distance dp(s, g).

4.5 Learning Objective

CoGeL trains dyp with Bellman regression and a route-consistency penalty. For sampled transitions
(s,a,s’) and relabeled goals g, the Bellman target is y(s, a, s', g) = ¢y (s, a,s") +~vdz(s', g), where
dg is a slowly updated target network. The Bellman loss is

EBell(e) = ]E(s,a,s’,g) [(d9(87g) - y(s7 a, 8/79))2:| .

The optimal distance dj, above is the fixed point of the action-minimizing Bellman operator. Let
dl"’ denote the augmented cost-to-go under the current actor. In implementation, dy is learned from
observed replay transitions and is therefore a finite-data, replay-supported approximation. Current-
policy and exploration rollouts refresh the replay distribution during training, but Bellman regression
always uses the observed successor s’. Consequently, with limited action coverage, dy can be pes-
simistic and need not equal dj,.

To encourage composition through waypoints, CoGeL also penalizes violations of the quasimetric
inequality. For sampled triplets (s, w, g), define

La(0) = o) |[do(5.9) = dals, w) = do(w,g) =m] |,



Algorithm 1 Constraint-to-Geometry Learning (CoGeL)

Require: Evidence D, replay buffer B, safety weight A, consistency weight [, target rate p
1: Train safety estimator X, on D using Lgasc

2: Initialize dg, dg < dg, actor 74, and one-step model fw
3: for each training iteration do
Collect policy/exploration rollouts; update 3 and D, and optionally update
Sample observed (s, a, s") and relabeled goal g from B
Cp < c(s,a,8") + Axy(s,a), vy &y +ds(s',g)
Sample (s,w, ¢g) and update 6 using Lgen + SLA
Update w on replay using || f.. (s, a) — /|2
9: For continuous control, sample ay~7y(- | s, ) and set & < f,,(s, as)
10: Update ¢ using ¢y (s, ag, ') +vdo(8', g)
11: dg < pdg + (1 — p)dg
12: end for
13: return dy, 74, and waypoint planner

P AN s

where [z]; = max(z,0), and m > 0 is a slack margin. The full training objective is
L(0,1) = Lpen(0) + BLA(O) + 1Lsate (V).

In our implementation, 5, is pretrained from available safe and unsafe evidence and then updated
when new failures, interventions, or safety-monitor events are collected. This lets the safety signal
improve as the robot encounters new hazards.

4.6 Policy Extraction and Long-Horizon Planning

The learned distance induces an ideal local action-selection rule
a*(sa g) € arg IaIélB IEs’NP(~|s,a) [67/1(87 a, Sl) + Vdﬁ(s/a g)] .

For continuous control, we approximate this rule with an actor 7. We fit a one-step dynamics model
fu(s,a) on observed replay transitions. For an actor action ag ~ me(- | s, g), the model predicts
§" = fu(s,ag4), and the actor is trained by minimizing

ﬁﬁ((ﬁ) = ]E&g [E’Iﬁ(sv Qg, ‘§/) + 7d9(§/a g)} :
The one-step model is used only to differentiate the continuous-action actor objective. Bellman
regression for dg always uses the observed replay successor s’ rather than a model-predicted suc-
cessor. At test time, CoGeL operates either directly or through waypoint composition. For short
or moderate goals, the local actor g (- | s, ¢) is conditioned directly on the final goal. For longer
missions, a lightweight planner selects a waypoint sequence

§ = Wo,W1,...,WN = (g

using the learned directed distance dg(w;,w;) as the edge cost. The local actor then executes each
successive waypoint (- | S¢, w;4+1) until the corresponding waypoint region is reached, after which
the next waypoint becomes the local goal. This exposes the compositional structure encouraged by
L and allows locally learned goal-reaching behavior to support longer routes.

Because dy is learned from observed replay transitions, it is a finite-data, replay-supported approx-
imation to the ideal optimal distance dfb' Current-policy and exploration rollouts refresh the replay
distribution during training, but limited action coverage can still make the learned distance pes-
simistic. Importantly, these rollouts improve coverage without replacing the observed successor s’
in the Bellman target.

5 Experiments

We evaluate whether CoGeL turns local safety evidence into a planning geometry that remains
useful over long horizons. The experiments are organized around four questions: Q1 Does the



Figure 2: Simulation Scenarios. Left: navigation with a hidden terrain hazard that is not provided
to the policy or planner as a safety map. Right: a directional slope hazard whose risk depends on
the traversal direction. CoGeL uses local safety evidence to reshape the learned navigation distance
and select safer routes around both types of hazards.

learned safety signal reduce unsafe behavior without destroying goal-reaching efficiency? Q2 Does
the learned distance generalize when test goals are much farther than training goals? Q3 Do the
theory-predicted links between safety-estimation error, distance error, and route consistency appear
empirically? Q4 Is a directed distance important on directional hazards?

Environments. We evaluate CoGeL in both Unity and Isaac-based navigation environments with
wheeled and legged robot platforms. The wheeled suite uses Jackal/Husky-style robots in cluttered
terrain with hidden low-friction regions that induce stochastic slip, while the legged suite uses a
quadruped (Boston Dynamics Spot) on rough terrain with unstable footholds, tilt limits, and fall
events. The hazards are not provided to the agent as an explicit safety or cost map; they are revealed
only through robot evidence such as successful demonstrations, failed rollouts, safety-monitor trig-
gers, and interventions. Figure 2 shows two example simulation settings, including a hidden terrain
hazard and a directional slope hazard. Training goals are sampled within a short local horizon, while
test goals span from 1x to 8 the training horizon.

Baselines. We compare CoGeL against representative alternatives: GCBC, a goal-conditioned
behavior cloning policy based on goal-conditioned supervised learning [32]; Lag-PPO, a PPO-
Lagrangian constrained policy trained with the same learned safety score [33, 25, 24]; CRL, a
contrastive goal-conditioned RL baseline [7]; QRL, a quasimetric goal-reaching baseline without
learned safety shaping [8]; and Safety+Plan, which learns the same soft safety signal as CoGeL but
uses it only as an external graph-planning penalty rather than changing the learned distance. For
fairness, every baseline that requires a safety cost receives the same learned score .

Metrics. We report success rate (SR), constraint violations per episode (CV), success weighted by
path length (SPL), and long-horizon success at 4x and 8x the training horizon (LH-4x, LH-8%).
Higher is better for SR, SPL, LH-4x, and LH-8 x; lower is better for CV. All numbers are averaged
over five random seeds.

Table 1: Main navigation results. CoGeL reduces unsafe events while preserving goal-reaching
performance and gives the strongest long-horizon success.

Wheeled navigation Legged navigation
Method SRY CV| SPL{ LH-4x1 LH8xT|SRT CV] SPL{ LH4x 1 LH8x 1t

GCBC 0.79 435 0.61 0.34 0.16 072 470 054 0.28 0.12
Lag-PPO 0.80 1.85 058 0.45 0.24 076 2.15 051 0.39 0.20
CRL 085 3.05 0.67 0.52 0.31 0.80 335 0.60 0.46 0.27
QRL 089 275 073 0.65 0.43 0.84 3.10 0.66 0.58 0.36
Safety+Plan 0.83 1.55 0.64 0.61 0.39 079 1.80 057 0.53 0.33
CoGeL 091 0.72  0.76 0.84 0.76 087 095 0.70 0.78 0.68

Q1: Safety and efficiency. Table 1 evaluates the central tradeoff. A goal-reaching distance without
safety shaping can reach nearby goals efficiently, but it often takes short routes through hidden slip
or fall regions. CoGeL instead changes the distance used for planning, so risky state-action pairs



become expensive before long-horizon composition occurs. This reduces violations while keeping
path efficiency competitive. Figure 3 illustrates the intended CoGeL behavior in these real-world
navigation scenes: the safety-blind route takes a shorter path through local hazards, while the CoGeL
route avoids loose debris, wet/slippery regions, or pavement holes with a slightly longer but safer
path. Figure 4 (right) shows the corresponding safety—efficiency tradeoff as \ varies.

(a) Loose bricks/rocks zone (b) Wet/slippery zone (c) Potholes/holes zone

Figure 3: Real-world Navigation Scenarios. The scenes show robot executions in environments
containing local hazards that are not provided as hand-specified safety maps. The green trajectory
shows the CoGeL route around the risky region, while the red dashed trajectory indicates a shorter
unsafe alternative.

Q2: Long-horizon generalization. Figure 4 (left) evaluates success as the test horizon grows
beyond the training horizon. CoGeL maintains higher success at 4x and 8x horizons because the
learned distance is regularized to compose through intermediate waypoints. In contrast, methods
that either lack a compositional distance or apply safety only after planning degrade more quickly
as the route length increases.
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Figure 4: Long-horizon generalization and safety-efficiency tradeoff. Left: success at 4x and
8% the training horizon. Right: safety-efficiency tradeoff as the safety weight A is varied.

Q3: Geometry error and route consistency. Theorem 1 shows that if || Xy — x*|lcc < €, then
[d% — dy+lloo < Aex /(1 — 1), so error in the learned safety score induces a controlled change in
the learned distance. We test this relationship by injecting label noise into the safety dataset and
measuring the resulting distance error against an oracle safety map used only for evaluation. We
also measure route-consistency violation as the number of composed waypoint segments increases
and compare calibrated predicted violations with observed true violations. Figure 5 shows that
distance error grows smoothly with safety-estimation error, route error increases with the number
of composed waypoint segments, and the calibrated violation bound remains above the observed
violation count. These trends are consistent with Theorem 1, Proposition 1, and Proposition 2,

respectively.

Q4: Directed geometry. The symmetric-distance ablation reduces directional-hazard success from
0.84 to 0.54 (Table 7), supporting the use of a directed geometry when traversal risk depends on
direction.

Real-robot Evaluation. We additionally evaluate CoGeL in repeated physical navigation trials with
a Boston Dynamics Spot and a Clearpath Jackal. Both CoGeL and Safety+Plan use matched start—
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Figure 5: Empirical checks of the theory. Left: safety-estimation error yields bounded geometry
error. Middle: route error grows with composed waypoint segments. Right: calibrated risk scores
bound expected safety violations.

goal conditions and hazard settings. Table 2 shows that CoGeL improves success while reducing the
number of observed safety events on both platforms.

Robot Method Trials SR 1 Safety events/trial |

Spot  Safety+Plan 20 0.75 0.45
CoGeL 20 085 0.20

Jackal Safety+Plan 20 0.80 0.40
CoGeL 20 090 0.15

Table 2: Real-robot Navigation Results. Success rate (SR) and average safety events per trial over
repeated physical navigation trials on Spot and Jackal. CoGeL achieves higher success and fewer
safety events than Safety+Plan on both platforms.

6 Limitations and Failure Cases

CoGeL depends on the quality and coverage of the robot evidence used to learn the safety signal.
Sparse, biased, or poorly timed labels can cause X (s, a) to miss hazards or over-penalize safe be-
havior; Appendix A.1 describes the labeling process, and Appendix E gives representative failure
cases. CoGeL also does not guarantee zero violations. Because safety enters as a soft cost, risky
actions may still be selected when A is too small or when the safety estimator is poorly calibrated,
especially under distribution shift; see Appendix A.2 and Appendix D.3. Finally, long-horizon per-
formance depends on the waypoint graph. If useful waypoints or narrow safe corridors are missed,
the global route can fail even when the local distance is accurate; Appendix C.7 provides detail.

7 Conclusion

We introduced CoGeL, a constraint-to-geometry learning framework that turns local robot safety
evidence into a directed planning distance. CoGeL learns a soft safety signal from demonstrations,
failures, and interventions, incorporates it into the Bellman cost, and trains a safety-aware distance
that supports both local control and waypoint-based long-horizon planning. Our analysis shows
how errors in the learned safety signal affect the resulting geometry, how route consistency supports
composition through intermediate waypoints, and how calibrated scores relate to expected viola-
tions. Experiments across hidden hazards, directional risks, and long-horizon navigation tasks show
that learned safety evidence can directly shape planning rather than remain an external filter. Future
work will study richer transition- and history-dependent safety models, uncertainty-aware geometry
under distribution shift, and tighter integration with online adaptation and risk-sensitive objectives.
We also see an important direction in extending CoGeL to more complex embodied systems, includ-
ing manipulation and humanoid robots, where safety depends not only on where the robot moves,
but also on contact, interaction, and changing physical constraints.
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Appendix

CoGeL: Constraint-to-Geometry Learning from Demonstrations and Failures for Safe
Long-Horizon Robot Navigation

A Additional Method Details

A.1 Robot Evidence and Label Construction

CoGelL treats safety supervision as local robot evidence rather than a complete hazard map. Each
collected trajectory is stored as

T = (507a0751aa1a .. '7ST)a

together with event information from demonstrations, goal conditioned rollouts, operator interven-
tions, recovery behavior, or onboard safety monitors. Safe evidence comes from expert demonstra-
tions, successful rollouts, or trajectory segments that reach local goals without triggering a safety
event. Risk evidence comes from failed rollouts, near misses, emergency stops, excessive slip, col-
lision contacts, unstable footholds, large body tilt, or human interventions.

For each visited state and action pair, CoGeL assigns an evidence label 3, € {0, 1}. If a safety event
occurs at time ¢, we label a short pre-event labeling window before the event as risky,
yr =1 for tE[tf—K,tf].

This window accounts for delayed event detection because the action that causes slip, collision,
or loss of stability may occur before the monitor fires. Segments sufficiently far from a failure or
intervention are labeled safe when they remain within nominal state limits and make progress toward
the local goal. The resulting dataset is

D= Dsafc U Driska Dsafc = {(Staat70)}7 Drisk = {(Staata 1)}

In simulation, event labels are produced from hidden environment conditions such as low friction
regions, loose debris, holes, contacts, falls, or directional hazards. These hidden hazard variables
are used only to generate labels and evaluation metrics. They are not given to the policy or planner
as a cost map. In hardware, the same evidence interface uses operator interventions, emergency stop
logs, contact events, slip detectors, tilt thresholds, and recovery triggers.

A.2 Safety Estimator and Calibration

The soft safety signal is trained as a probabilistic classifier
Xu(s,a) = Plb(y =1]s,a) €[0,1].
We use binary cross entropy
‘Csafe(l/]) = _E(s,a,y)ND [y lOg )A(d)(& a) + (1 - y) lOg(l - )%w(sv a))] .

The safety estimator has two hidden layers with 256 units in each layer, ReL.U activations, and a
sigmoid output. Risky examples are less common than safe examples, so we use class balanced
mini batches or a weighted binary cross entropy loss when needed.

For calibration, the labeled evidence is split into training, calibration, and held out evaluation data.
The training split fits ;. The calibration split fits a scalar temperature on the classifier logits. The
held out split and on policy rollouts are used only to report calibration quality. Let z, (s, a) denote
the classifier logit. We fit 7 > 0 and use

Xy, r(s,a) = o(zy(s,a) /7).

We report expected calibration error and Brier score in Table 3 and Figure 6.
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Table 3: Calibration quality of the learned safety score. Expected calibration error and Brier
score are measured after temperature scaling. Lower values are better. Values are averaged over five
seeds.

Evaluation split ECE | Brier |
Held out evidence 0.038 £ 0.006  0.082 £ 0.009
On policy rollouts 0.051 +0.008  0.096 +0.011

Shifted hazard layouts  0.073 £0.010  0.118 +0.014

Safety estimator calibration

0.14
mm ECE
0127 wwm Brier
0.10
© 0.08
o
1)
» 0.06
0.04
0.02
0.00 -
Held-out On-policy Shifted
evidence rollouts hazard layouts

Figure 6: Safety score calibration. Calibration is strongest on held out evidence from the training
distribution and degrades on shifted hazard layouts. The shifted result shows the importance of
reliable calibration when the hazard layout changes.

A.3 Goal Relabeling and Triplet Sampling

The replay buffer stores transitions (s¢, at, $¢+1) from demonstrations and rollouts. For Bellman
training, goals are sampled from a mixture of future states, random states in the same environment,
and task goals,

g ~ Pgoal = WruturePfuture T WrandPrand T WraskPtask-

Future state relabeling improves local goal reaching supervision, while random and task goals ex-
pose the distance model to longer range pairs. For route consistency, we sample triplets (s, w, g)
where w is a future state between s and g, a graph waypoint, or a nearby state under the current
distance estimate. This encourages

da(S,g) 5 dQ(S,'UJ) + d@(wag)

A.4 Extended Training Algorithm

Algorithm 2 expands Algorithm 1 with the data collection, safety labeling, and continuous control
updates used in the experiments.

Bellman regression always uses the observed successor s’ from the replay buffer. The one step
model f,, is used only to differentiate the continuous action actor objective. Thus, dy remains a
finite data, replay supported approximation to the ideal action minimized distance.

B Additional Theory and Proofs

We provide the full proofs for the main theoretical claims. The analysis follows the CoGeL pipeline.
The learned safety signal perturbs the one-step Bellman cost. This cost determines the learned
directed distance. Route consistency controls waypoint composition, and calibrated safety scores
bound expected violations.

14



Algorithm 2 CoGeL with Robot Evidence Collection

Require: Initial safe evidence Dg,te, initial risky evidence D, i, replay buffer B, safety weight A,
consistency weight /3, pre-event labeling window K, target update rate p

I: D < Dgate U Drisk R

2: Initialize X, dg, dg < dg, T4, and f,,

3: Train ¥, on the available evidence D

4: for each training round do

5: Collect goal conditioned rollouts using 74 or an exploration policy
6: Store observed transitions (s, at, $¢41) in B
7
8

if a failure, intervention, near miss, or safety monitor event occurs at ¢y then
: Add (s¢,a4,1) to Dy for t € [ty — K, ty]
9: end if
10: Add event free segments sufficiently far from safety events to Dg,fe
11: Update Xy on Dgupe U Diisic
12: for each gradient step do

13: Sample observed (s, a, s’) and relabeled goal g from B

14: éy(s,a,8")  c(s,a,8) + Axy(s, a)

15: y < Ey(s,a,s") +vdg(s', g) using the observed successor s’
16: Sample (s, w, g) and update 6 using Lpen + SLA

17: Update w using || f,, (s, a) — |2

18: Sample ay ~ m4(- | s,9) and set ' = fuls,ap)

19: Update ¢ using ¢y (s, ag, §') +vdo(§', 9)

20: dg < pdg + (1 — p)dg

21: end for

22: end for

23: return dy, 74, and the waypoint planner

B.1 Bellman Contraction

Lemma 1 (Bellman contraction). Assume 0 < c¢(s,a,s’) < co, xy(s,a) € [0,1], and v € [0,1).
Then 0 < ¢y(s,a,s") < emax = Co + A, and the operator

(Tyd)(s,9) = minEyp[s,a) [Eo(s,a,5") +7d(s, 9)]
is a y-contraction in the sup norm:
[Tydy = Tydalloe < 7lldy — dalloo-
Therefore Ty, has a unique fixed point d},, value iteration converges geometrically to it, and

Cmax

11—~

|y lloo <

Proof. For any s, g, the only term that depends on the current distance estimate is yd(s’, g). For a
fixed action a,

B [Ey(s,a,8") + ydu(s', 9)] = B [Ey(s, a,8") + vda(s', 9)]] < 7]ldr — dall.

Taking a minimum over actions is non-expansive, so the same inequality holds after applying T7,.
The fixed-point result follows from Banach’s fixed point theorem. The value bound follows by
summing the bounded discounted cost:

oo
t o Cmax

E Y Cmax = 1_ .

t=0 v
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B.2 Safety Estimation Error Controls Geometry Error

Theorem 1 (Safety-estimation error controls geometry error). Let d;i( be the fixed point induced by
Cx = ¢+ AXy, and let d7. be the fixed point induced by the true safety cost ¢y~ = ¢+ Ax*. If
H)A(l/) - X*”oo < €x»

then
A

1—7

|d% — dis]loo < €y

Proof. LetTy and T'» be the Bellman operators induced by ¢y, and ¢, +. The one-step cost difference
is bounded by

6z = Ex+lloo = AllXy — X" lloo < Aey.
Using the fixed-point equations,
d} = Tydy, dye = Tydys,
we obtain

di — d}.

X X

oo = [ Txd} — Ty die [loo

< Tl — Tyde[loo + | Tl — Te e |l

<Alldf = dis [loo + Aey-

Rearranging gives

A
Al — di||eo < .
HX XH —1_76)(

B.3 Waypoint Composition

Proposition 1 (Waypoint composition). Suppose the learned distance has maximum route-
consistency violation

en = sup [do(s, g) — do(s,w) — do(w,9)] , -

s,w,g

For any waypoint sequence wg = s, w1, ..., wWN = g,

N—-1
d@(S,Q) S Z da(wi7wi+1) + (N - I)EA'
1=0

Proof. By definition of e, for any s, w, g,
dy(s,g) < dg(s,w) + do(w, g) + en.
Apply this inequality first with w = w;:
do(wo, wn) < dp(wo, w1) + do(w1,wn) + €a.

Then apply the same inequality to dg (w1, wy ), and continue recursively. After N — 1 applications,

N-1
do(s,g) < Z do(wi, wiy1) + (N —1)ea.
i=0
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B.4 Calibrated Scores Bound Expected Violations
Proposition 2 (Calibrated scores bound expected violations). Assume that along the states visited
by a policy ,

EX*(s,a) | Xu(s,a)] < Xu(s,a) + €car.

Then over trajectories of length at most Tyax,

Tg—1 Tg—1
g 1 g
* < 7E7‘r C ) 9
;:O X (5t7at)] = l E Cw(St g, St4+1)

t=0

E‘n’ + Tmaxecal .

Proof. By calibration,
Elx*(st, ar)] < E[Xyp(s¢, ae)] + €car

for each visited state-action pair. Summing over a trajectory of length at most 7, gives

Tg—1
S Eﬂ [Z )A(w(staat)

t=0

Tg—1

Z X* (Stv at)
t=0

E,T + Tmax€cal~

Since ¢(s, a,s’) > 0,

eo(s,a,8) = c(s,a,5') + Ap(5,0) = Au(s,a).

Therefore,
Tg—1 1 Tg—1
Z X (s, at) < 3 Z Cy (8¢, at, St41).-
t=0 t=0
Combining the two inequalities proves the result. 0

B.5 Directed Geometry for Directional Hazards

Many robot hazards are not symmetric. Entering a slippery patch, climbing onto loose debris, or
stepping into an unstable foothold can be more costly than leaving the same region. In such cases,
the constraint-aware cost-to-go is directional:

d*(u,v) # d*(v,u).

A symmetric metric must assign the same value to both directions, so it cannot represent this asym-
metry even with more data. Figure 7 illustrates this setting: entering the hazard has high cost, while
leaving the same hazard has lower cost.

d*(s,9) > d*(g,s)

d* (s, g): enter hazard, high cost

S g
d*(g, s): leave hazard, low cost

Figure 7: Directional safety. Entering a hazard can cost more than leaving it, yielding d*(s, g) #
d*(g,s).

The following proposition formalizes this limitation. If the directional cost gap is A > 0, then any
symmetric model has error at least A /2 in one of the two directions. CoGeL avoids this modeling
floor by learning a directed quasimetric distance rather than a symmetric metric. The empirical
counterpart is the symmetric-distance ablation in Table 7, where removing directionality causes the
largest degradation on directional-hazard environments.
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Proposition 3 (Symmetric metrics have irreducible error on directional hazards). Suppose two states
u, v have true directed costs satisfying

A = |d*(u,v) — d*(v,u)| > 0.

For any symmetric metric m with m(u,v) = m(v, u),

max {|m(u,v) — d*(u,v)|, |m(v,u) — d*(v,u)|} >

v >

Proof. Let x = m(u,v) = m(v,u), a = d*(u,v), and b = d*(v,u). Since |a — b| = A, no single
scalar z can be within less than A/2 of both @ and b. Otherwise, the triangle inequality on the real
line gives

A A
A=la—b<|la—z|+|z-b < 5+5:A,
which is impossible. Thus at least one direction has error at least A /2. O

C Experimental and Implementation Details
C.1 Simulation Environments and Robot Platforms

We use both Unity and NVIDIA Isaac based navigation environments with a common goal condi-
tioned interface. The wheeled suite uses Jackal and Husky style differential drive robots in cluttered
terrain with hidden low friction regions, loose debris, obstacle contacts, and pothole like discontinu-
ities. The legged suite uses a quadruped on rough terrain with elevation changes, unstable footholds,
wet or slippery surfaces, tilt limits, and fall events. We also use directional hazard settings where the
expected violation cost depends on the direction of traversal. Hazard locations are never provided
to the policy or planner as a safety map. They appear only through local evidence collected during
demonstrations, rollouts, interventions, and safety monitor events.

For the wheeled setting, a slip event above the configured displacement threshold, an obstacle con-
tact, a stuck event, or an intervention is recorded as a violation. For the legged setting, falls, ex-
cessive body tilt, unstable footholds, recovery triggers, and interventions are recorded as violations.
Directional hazards include slopes and one way friction regions where entering the region can be
more costly than leaving it.

Table 4: Environment summary. Hazard maps are hidden from the policy and planner. The agent
receives robot state, local perception, and local safety evidence.

Suite Robot Hazards Safety events

Wheeled navigation  Jackal or Husky style UGV slip patches, debris, potholes collision, slip, stuck, intervention
Legged navigation quadruped wet surfaces, unstable footholds, holes fall, large tilt, slip, recovery trigger
Directional hazards UGV or quadruped slopes, one way friction, approach angle risk  direction dependent violation
Long horizon routes UGV or quadruped mixed hidden hazards accumulated violations, timeout

C.2 Observation and Action Spaces

For wheeled navigation, the state includes robot pose, body frame velocity, local goal direction, local
terrain features, and short range obstacle or debris features. The action is a velocity command a =
(v,w), where v is forward velocity and w is yaw rate. For legged navigation, the state includes base
pose, base velocity, body orientation, goal direction, local terrain features, and contact or stability
indicators. The high level action is a locomotion command such as a = (vg,vy,w), which is
executed by a low level controller.

C.3 Task Costs and Safety Events

All methods use the same base task cost. For a transition (s;, a;, S¢+1),

(8¢, a1, 5141) = Wstep + Wy |pry1 — pgll2 + wu”“t”% + wops 1{contact, }.
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The terms encourage short routes and progress while penalizing aggressive commands and obstacle
contacts. If the robot does not reach B(g) by Tinax., it receives the terminal failure cost cg,j).

The evaluation violation indicator is
X (8¢, at) = 1{collision V slip V fall V large tilt V intervention}.

These violations are used for evaluation and for local evidence labels. The planner does not receive
the hidden hazard map.
CoGeL uses

Cy(St, ar, Se41) = (8¢, ar, Se41) + AXp (St, ar).
The safety weight A has the same units as the one step task cost because X, € [0, 1]. If the base task
cost is rescaled, A should be retuned.

Table 5: Task cost coefficients. The values are normalized so that the learned safety penalty is
comparable to the local motion and progress terms.

Term  Value Role

Wstep 005 discourages unnecessarily long routes
Wy 1.00 encourages progress toward the goal
Wy, 0.01 discourages aggressive commands
Wobs 2.00 penalizes contact events

Crail 10.00 terminal failure cost

A 1.00 default learned safety penalty weight

C.4 Training and Evaluation

Training goals are sampled within a short local horizon. Evaluation goals are sampled at 1x, 2x,
4%, and 8x the training horizon. Each seed is trained for 1.0 million environment interactions. The
learning curves generally stabilize after about 0.6 to 0.8 million interactions. All reported values are
averaged over five seeds.

Methods that require a safety signal receive the same learned score X . The methods also use the
same evidence budget, replay buffer size, goal sampling choices, and evaluation seeds. Planner
based comparisons use the same waypoint graph, search procedure, node density, and local goal
horizon. This keeps the comparison focused on how each method uses the same local safety evi-
dence.

C.5 Metrics

We report success rate
N

1
SR = )i z_; 1{episode i reaches the goal},
constraint violations per episode

N
1 G ,
V=2 > Xt a),

and success weighted by path length

1 o
SPL = N ;Si max({;, ()

Here S; is the success indicator, ¢; is the executed path length, and 7 is the shortest feasible refer-
ence path length. We also report success at 4 x and 8 x the training horizon.
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C.6 Networks and Optimization

We use multilayer perceptrons for the learned components. The safety estimator takes (s, a) and
outputs a violation likelihood through a sigmoid head. It has two hidden layers with 256 units in
each layer and ReLU activations. The directed distance model dy(s, g) uses separate state and goal
encoders followed by an MLP head and a softplus output. Separate encoders allow dy(s, g) and
dy(g, s) to take different values.

For continuous control, the actor 74 (a | s, ) uses the same state and goal representation and outputs

a squashed Gaussian action distribution. The one step model fw (s,a) predicts the next state from
an observed state and action. It is trained on replay transitions with

ﬁdyn(w) = E(s,a,s’)NB wa(sa a) - S/HS] .

For an actor action ag ~ my (- | s, g), we set §' = fu (s, ag) and optimize

ﬁqr(@ = ]Es,g [61/1(87 Qg ‘§,) + 7d9(§/a g)} .

The one-step model is used only for the actor update. The Bellman target for dy always uses the
observed replay successor s’

C.7 Waypoint Planner

For long horizon navigation, CoGeL builds a directed graph G = (V, E) over feasible waypoint
states. Each node v; € V represents a candidate waypoint, and the learned distance defines the basic
directed edge cost

wo(i,j) = dg(vi, ’Uj).
Because dy is directed, the cost of moving from v; to v; need not equal the cost of moving from v;
to v;. The safety evidence has already affected this edge cost through the Bellman learning of dy.

Unless otherwise stated, the reported CoGeL results use dg(v;, v;) as the graph edge cost without
an additional edge level penalty.

For deployment, we optionally consider an additional edge level safety guard when a short local
rollout &;; is available. We compute the maximum predicted violation likelihood along the rollout
as

1b(1,7) = max Xu(s,a).
Glhg) = max Xv(sa)

The planner may then use

w(i, j) = do(vi, v5) + Ky (i 5),
where x > 0 controls the additional penalty assigned to an edge with high predicted risk. An edge
may also be removed when §y (4, j) exceeds a conservative threshold.

This optional guard is separate from the main constraint to geometry mechanism. In CoGeL, the
learned safety signal has already shaped dy during Bellman learning. The additional term gy, is
only an optional deployment check when a more conservative edge level decision is desired.

Figure 8 illustrates the planning process. The direct route from the start toward the goal is shorter,
but it passes through a region with high predicted risk. The selected route instead moves through w-
and ws, avoiding the risky region at the cost of a slightly longer path.

The planner applies Dijkstra or A* to the directed graph and selects a waypoint sequence
s = wp,W1,y...,WN = (.
The local actor executes mg (- | ¢, w;1) until the next waypoint region is reached.

Figure 9 illustrates the waypoint planning process. The green route follows intermediate waypoints
around a region with high predicted risk, while the red dashed connection shows a shorter but riskier
alternative.
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— low risk edge
- —» high risk edge

Figure 8: Waypoint planning with a safety aware directed distance. CoGeL builds a graph over
feasible waypoints and uses the learned directed distance dg(v;,v;) as the main edge cost. This
distance already reflects the learned safety signal through Bellman training. When a local rollout &;
is available, an optional deployment guard can further penalize an edge using its predicted violation
likelihood §y (4, j). The green path shows the selected waypoint route, while the red dashed path
shows a shorter route through a region with high predicted risk.

high predicted risk

Figure 9: Waypoint planning with the learned directed distance. The green path shows the
selected route through intermediate waypoints. The red dashed connection crosses a region with
high predicted risk. The learned geometry makes the safer route preferable even when the direct
route is shorter.

C.8 Training Settings

All methods are trained with the same replay buffer capacity, goal-sampling procedure, evidence
budget, and evaluation seeds unless a baseline requires its own optimizer-specific parameters. For
methods that use a safety signal, we provide the same learned violation likelihood X so that the
comparison focuses on how the safety evidence is used rather than on differences in data collection
or label quality. Each seed is trained for 1.0 x 10° environment interactions. The learning curves
typically begin to stabilize after roughly 0.6-0.8 x 10 interactions. Table 6 summarizes the default
settings used throughout the experiments.
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Table 6: Default training settings.

Quantity Value
Number of seeds 5

Discount factor 0.99

Replay buffer capacity 10° transitions
Batch size 256

Optimizer Adam
Learning rate 3x 107"
Target update rate p 5x 1073

Distance network

Safety estimator

Default safety weight A
Route consistency weight 3
Route slack margin m
Pre-event labeling window K
Evaluation horizons

Training interactions per seed

2 hidden layers, 256 units each

2 hidden layers, 256 units each, sigmoid head
1.0

0.1

0

5 steps

1x,2x,4x,8x training horizon

1.0 x 10°

D Additional Experiments and Ablations

D.1 Stair Ascent with a Local Slippery Region

Figure 10 shows a stair ascent setting with a local slippery region near the base of the stairs. A direct
route to the goal passes over the floor mat and can reduce foothold stability during the transition
from flat ground to the stairs. CoGeL assigns a higher learned cost to this region and selects an entry
path on the right side. The example shows how local safety evidence changes the planning distance

and can make a longer route preferable.

Slippery floor mat
High-risk zone

Figure 10: Stair ascent with a local slippery hazard. The red dashed path follows the shorter route
over the slippery floor mat. The green path shows the CoGeL route around the risky region before

the robot enters the stairs.

Slippery floor mat :
High-risk zone
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D.2 Main Ablations

No safety term sets A = 0, which reduces CoGeL to directed distance learning without safety
shaping.

Hard safety mask thresholds x (s, a) and removes actions or edges above the threshold.

No route consistency removes L .

Symmetric distance replaces the directed distance with a symmetric metric.

No waypoint planner applies the local goal conditioned policy directly to long horizon goals.

Table 7 summarizes the effect of each component. Removing the safety term increases constraint
violations, removing route consistency reduces long horizon success, and replacing the directed
distance with a symmetric metric gives the largest drop on directional hazards.

Table 7: Ablation results. The safety term reduces violations, route consistency improves long
horizon composition, and the directed distance improves performance on directional hazards.

Variant SRT CV| LH-8x 1T Directional hazard SR 1
CoGeL 0.91 0.72 0.76 0.84
No safety term (A = 0) 092  3.95 0.58 0.67
Hard safety mask 0.79 0.88 0.49 0.56
No route consistency 0.88 0.86 0.51 0.78
Symmetric distance 0.84 1.18 0.61 0.54
No waypoint planner 0.86 0.93 0.44 0.76

D.3 Sensitivity Analysis

We study the safety weight A, the pre-event labeling window K, and the route consistency weight
(. Small values of X can leave risky actions under penalized. Large values reduce violations but
can make the policy conservative. A short & can miss the action that caused a safety event, while a
long K can label nearby safe behavior as risky. The weight 8 controls how strongly the distance is
encouraged to compose through intermediate waypoints.

Table 8 summarizes these trends. Moderate values of A\, K, and 3 strike the best balance between
safety, nominal success, and long-horizon performance.

Table 8: Sensitivity to key choices. Moderate values give the best balance between safety and long
horizon success. Values are averaged over five seeds.

Setting SR 1 Cv] LH-8x 1

Default (A=1,K =5,4=0.1) 0.91+£0.02 0.72+0.12 0.76 +0.04
Low A (0.25) 0.93+0.02 2.40+0.31 0.62+0.05
High A (4.0) 0.85+0.03 0.45+0.08 0.70 £0.04
Small K (1) 0.90 £0.03 1.20£0.18 0.69 £ 0.05
Large K (10) 0.84 £0.04 0.60£0.10 0.63 £0.06
Small 3 (0.01) 0.89 £0.03 0.78 £0.13 0.53 £0.05
Large 3 (1.0) 0.87£0.03 0.69+0.11 0.67 £0.05

D.4 Triplet Sampling

The route-consistency loss depends on triplets (s, w, g), where w serves as an intermediate state
between the start s and goal g. We sample these triplets from several sources so that the learned
distance is exposed to both local trajectory structure and the waypoint configurations used during
long-horizon planning.
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Figure 11: Sensitivity to the main design choices. Success rate and LH-8 x use the left axis.
Constraint violations use the right axis. The default values A = 1, K = 5, and § = 0.1 provide a
balanced setting.

Future-state triplets choose w and g from later states in the same trajectory. Graph-waypoint triplets
use intermediate nodes from the waypoint graph. Random-nearby triplets select states that are spa-
tially or geometrically close under the current representation. Our default setting mixes these sources
during training.

Table 9 compares the different choices. Using only one source reduces the diversity of the consis-
tency constraints, while mixed sampling gives the best route consistency and long-horizon success.

Table 9: Triplet sampling ablation. Mixed triplet sampling performs best because it includes both
trajectory level composition and graph waypoint composition. Values are averaged over five seeds.

Triplet source SR 1 Route error | LH-8x T

Future state only 0.89£0.03 042+0.00 0.64+£0.05
Graph waypointonly 0.88+0.03 0.36 +£0.04  0.69 £ 0.04
Random nearby only 0.86 £0.04  0.51+0.06  0.58 £ 0.06
Mixed triplets 0.91+0.02 0.244+0.03 0.76 £0.04

D.5 Transition and History Dependent Safety Models

The main method uses the safety score Xy (s, a). Some hazards are better described by the next state
or recent history. Examples include delayed slip, repeated obstacle contact, foothold collapse after
load transfer, and interactions that depend on recent motion.

The same objective can use a transition based score Xy (s, a, s’) or a recurrent score Xy (A, ar),
where h; summarizes recent history. The augmented costs become

Cy (8¢, ae, Sp41) = (8¢, ar, Se1) + AXap (St5 Aty Se41)
and
Cy(heyat, se1) = (s, at, Se41) + AXyp (e, ar).

The Bellman objective keeps the same form as long as the augmented cost is bounded.

D.6 Training Progress

Figure 12 shows success rate over environment interaction. Each curve is averaged over five seeds,
and the shaded band shows one standard deviation. The long horizon and confined stepping settings
improve more slowly because success depends on both local control and waypoint composition.

Figure 13 shows the corresponding violation trend. Methods that keep safety outside the learned
distance retain higher violation counts in the longer tasks.
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Table 10: Safety score variants. Transition and history based models reduce violations in these
settings, while the state and action model remains the simplest default. Values are averaged over

five seeds.
Safety model SRt Cv| LH-8x 1
State and action X (s, a) 0914+0.02 0.72£0.12 0.76 £0.04
Transition based Xy (s,a,s’) 0.92+£0.02 0.65+0.10 0.78+0.04
History based X (ht, at) 0.90+0.03 0.62+0.09 0.77£0.05
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Figure 12: Success rate learning curves. Curves show the mean over five seeds with one standard
deviation. CoGeL reaches higher final success in the directional, long horizon, and confined stepping

settings.
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Figure 13: Violation learning curves. Violations per episode are shown over environment interac-
tion. CoGeL reaches lower violation rates than the safety blind distance baseline and the planner
side safety baseline, especially when early local choices affect later waypoint composition.
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E Additional Failure Cases

CoGeL can fail when the collected evidence does not cover the relevant hazard boundary. For exam-
ple, if the robot observes a directional hazard only from one traversal direction, the learned safety
score may underestimate risk in the reverse direction. The method can also become conservative
when the pre-event labeling window assigns risk to nearby states that were not unsafe. This can
make narrow safe passages look risky and lead to unnecessary detours.

A second failure mode comes from distribution shift. If terrain friction, contact dynamics, lighting,
payload, or robot calibration changes substantially, the learned safety score may no longer be well
calibrated. The learned distance can then favor unsafe shortcuts or avoid regions that are actually
traversable.

Long horizon performance also depends on the waypoint graph. If the graph misses a narrow safe
corridor or includes waypoints in poorly estimated regions, the local distance may be accurate while
the global route still fails.

Figure 14 shows a confined stepping failure. The passage is physically traversable, but the feasible
foothold region is small. A foot placed near the block boundary or outside the support region can
produce unstable contact and stop the maneuver. This case shows that the learned planning geometry
does not remove the need for accurate local foothold selection and contact control.

Figure 14: Failure in a confined stepping setting. The robot attempts to move through the narrow
space between separated stepping blocks. The maneuver can fail when a foot lands near the block
boundary or outside the support region.

F Notes on Related Baselines

Constrained waypoint search. Safety+Plan uses the same learned safety score as CoGeL but
applies it only during graph planning. The distance itself is trained without the safety term. A
related alternative would train separate distance and safety critics and use the safety critic to penalize
or prune graph edges. CoGeL differs because the learned safety score enters the Bellman cost before
the distance is learned.
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Risk sensitive reinforcement learning. CVaR and distributional critics place more weight on rare
but severe failures. These methods change the risk objective used for optimization. CoGeL instead
studies how local safety evidence changes the directed distance used for long horizon planning. A
useful extension is to study both effects together so that the geometry reflects direction dependent
cost and tail risk.

G Robot Platforms and Hardware Details

The simulation experiments use wheeled and legged robot families, and the main paper also reports
physical navigation trials on a Clearpath Jackal and a Boston Dynamics Spot. The physical trials
use matched start and goal conditions and matched hazard settings for CoGeL and Safety+Plan. The
quantitative results are reported in Table 2.

G.1 Wheeled Robot Family

The wheeled simulation suite uses a differential drive robot at the scale of Jackal and Husky un-
manned ground vehicles. The action is

a = (v,w),
where v is forward velocity and w is yaw rate. Hidden low friction regions, loose debris, and pothole
like regions produce slip, contact, or stuck events.

The physical wheeled trials use a Clearpath Jackal. The logging interface records odometry, laser
scan, IMU, commanded motion, and safety events through ROS2. These signals are converted to
the same state, action, and evidence format used by the learner.

G.2 Legged Robot Family

The legged simulation suite uses a quadruped on rough terrain with elevation changes, unstable
footholds, confined stepping regions, and tilt inducing slopes. The high level action is

a = (vfﬂ’vyaw)v

and a low level locomotion controller executes the command. Violations include falls, large body
tilt, slip, unstable foothold events, recovery triggers, and interventions.

The physical legged trials use a Boston Dynamics Spot. The logging interface records commanded
motion, robot state, operator interventions, emergency stop events, recovery events, and available
safety monitor outputs. These logs populate the same safe and risky evidence sets used by CoGeL.

G.3 Directional Hazard Setting

The directional hazard setting uses sloped or one way friction regions whose cost depends on traver-
sal direction. Entering a region against the slope or from the low friction side has a higher expected
violation cost than leaving it. This produces the directional cost gap studied in Section B.5.

H Compute and Runtime

Table 11 lists the compute and platform information used for the reported simulation sweeps and
implementation checks.
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Table 11: Compute and platform summary.

Item Value

GPU server 4x NVIDIA GeForce RTX 4090

GPU memory 24 GB per GPU (24564 MiB)

Driver version NVIDIA driver 535.309.01

CUDA version CUDA 12.2

GPU use during sweeps One GPU per seed or method run, with parallel runs when GPUs are
available

Reference code checks CPU compatible smoke tests, theory checks, and short hidden hazard
runs

Simulation tools Unity and NVIDIA Isaac based scene generation and rollout evaluation

Learning curves Five seed success and violation curves over simulated environment
interaction

Hardware utilities Spot SDK logging and Jackal ROS2 logging
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